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ABSTRACT 
The performance of a proposed concatenated coding scheme for error con- 
trol on a NASA telecommand system is analyzed. In this scheme, the inner 
code is a distance-4 Hamming code used for both error correction and error 
detection. The outer code is a shortened distance-4 Hamming code used only 
for error detection. Interleaving is assumed between the inner and outer 
codes. A retransmission is requested if either the inner or outer code de- 
tects the presence of errors. Both the undetected error probability and the 
throughput of the system are analyzed. Results indicate that high through- 
puts and extremely low undetected error probabilities are achievable using 
this scheme. 
I. INTRODUCTION 
Consider a concatenated coding scheme for error control on a binary 
symmetric channel, called the inner channel. The bit error rate (BER) of 
the channel is called the inner BER, and is denoted by ci. Two linear block 
-- 
codes, Cf and Cb, are used. The inner code Cf, called the frame code, is an 
-- (n,k) systematic binary block code with minimum distance df. The frame code 
is designed to correct t or f~wer errors and simultaneously detect XCX > t) 
or fewer errors, where t+X+1 = df [I]. The outer code is an (nb, kb) binary 
block code with 
nb = mk, (1) 
where my a positive integer, is the number of frames. The outer code is de- 
signed for error detection only. 
The encoding of the concatenated code is achieved in two stages (see 
Figure 1). A message of kb bits is first encoded into a codeword of nb bits 
in the outer code Cb. Then this codeword is interleaved -to depth m. After 
interleaving, the nb-bit block is divided into m k-bit segments. Each k-bit 
segment is encoded into an n-bit word in the frame code Cf. This n-bit word 
is called a frame. The two dimensional block format is depicted in Figure 2. 
The decoding consists of error correction and error detection on each 
frame and error detection on the m decoded k-bit segments. When a frame in 
a block is received, it is first decoded based on the frame code Cf. The 
n-k parity bits are then removed from the decoded frame. If there are t or 
fewer transmission errors in a received frame, the errors will be corrected, 
and the decoded segment is error free. If there are more than t errors in 
the received frame, the errors will be either detected or undetected. If 
the errors are detected, the decoder stops decoding immediately and requests 
a retransmission of the entire block. On the other hand, if the errors in a 
frame are undetected, the decoded segment will be stored in a buffer and the 
decoder continues to decode the next frame. After m frames of a block have 
been decoded, the m k-bit decoded segments are then deinterleaved. Error 
detection is performed on these deinterleaved m segments based on the outer 
code Cb. If no errws are detected, the m decoded segments are assumed to 
be error free, and are accepted by errors 
is detected, the m decoded segments are discarded and the receiver requests 
a retransmission of the entire block. 
The error control scheme described above is actually a combination of 
forward-error-correction (FEC) and automatic-repeat-request (ARQ), called a 
hybrid ARQ scheme [I]. In this paper, we analyze the performance of the 
proposed error control scheme. Specifically, the system reliability and the 
system throughput are calculated. The system reliability is measured in 
terms of the probability of undetected error after decoding. The system 
throughput is determined by the retransmission strategy, which may be one of 
three basic modes, namely, stop-and-wait, go-back-N, or selective-repeat. 
Only the selective-repeat retransmission strategy is considered in this 
paper. A particular scheme, proposed for a NASA telecommand system, is 
analyzed as an example. 
11. PROBABILITY OF UNDETECTED ERROR FOR THE INNER CODE 
Let pLf) (E~) denote the probability of correct decoding for the frame 
code. Suppose that a bounded-distance decoding algorithm is employed. 
Bounded-distance decoding corrects all received n-bit sequences with t or 
fewer errors. When an n-bit sequence with more than t errors is detected, 
no attempt is made to correct the errors. Since there are (9 distinct 
ways in which i errors may occur among n bits, 1 
L 
(f> n i n-i ' PC (Ei) = 1 
i=O 
for bounded-distance decoding. 
For a code word 7 in the frame code Cf, let w(7) denote the Hamming 
weight of T. If a decoded frame contains an undetectable error pattern, 
this error pattern must be a nonzero codeword in Cf. Let Fo be a nonzero 
error pattern after decoding. The probability Pf(w, ci) that a decoded 
frame contains a nonzero error pattern To after decoding is given by [2-41 
t min(t-i,n-w) 
C w n-w w-i+j n-w+i- j P f (w, Ei) = 1 Ci)( j )Ei (1-Ei) 9 ( 3 )  
i=o j =o 
1 
where w = w(F0), and E~ is the BER of the inner channel. If E~ << -, then 
n 
w-t n-w+t 
Pf (w, Ei) 2 (l-Ei) 
Let P::) (ci) denote the probability of undetected error for the frame code. 
Let {df), df 2 w < n) be the weight distribution of Cf. It follows from 
- (3) and (4) that 
(5) (f) (E~) = 1 Aw Pf(w, Ei) Pud w=df (5 
th Now consider any one of the m frames, say the j- frame. If the de- 
coded frame contains undetected errors, the BER kfter decoding is given 
by 
w i l l  be a good approximation t o  Let E be defined a s  t h e  event t h a t  a 
frame contains undetected e r r o r s .  Now l e t  E a / ~  denote t h e  BER embedded i n  a 
decoded frame condit ioned on t h e  occurrence of event E.  I t  follows from (7) 
t h a t  
E = E ~ / P ~ { E }  
a /  E (9 
1 For E~ << - s u b s t i t u t i n g  (6) and (8) i n t o  (10) y i e l d s  
n ' 
Now def ine  S t o  be a random v a r i a b l e  such t h a t  when h of t h e  m frames 
conta in  undetected e r r o r s ,  and t h e  remaining m-h frames a r e  decoded co r rec t -  
l y ,  S = h,  h = 0, 1, 2, ..., m. I t  fol lows from (2)  and (5) t h a t  
h m-h Pr{ S=h} = (:) - [pi:) (ci) 1 [pr f )  (Ei) 1 * 
( f )  Note t h a t  (12) is no t  a binomial d i s t r i b u t i o n  because PUd (si) I. pLf) (ci) < 
1, i . e . ,  some received sequences with more than t e r r o r s  a r e  de tec ted  by t h e  
frame code. 
Af ter  de in te r l eav ing  o f  t h e  m decoded segments (with t h e  n-k p a r i t y  
b i t s  removed from each frame), t h e  BER embedded i n  t h e  nb-bi t  block,  condi- 
t ioned on S=h, i s ' g i v e n  by 
h 
E~ (h) = E * - a/E m , h = 0,  1, 2, ..., m, 
We c a l l  t h e  channel s p e c i f i e d  by (12) and (13) t h e  ou te r  channel,  and it i s  
depicted i n  Figure 3; Note t h a t  ~ o ( 0 )  = 0.  This channel can be viewed a s  
a block in t e r fe rence  (BI) channel,  a s  described i n  [ S ] .  Ah, h = 0 ,  1, . * a ,  
m y  i s  c a l l e d  t h e  h-Th component channel of t h e  B I  channel. Each block of nb 
b i t s  (nb is  t h e  length  of t h e  o u t e r  code) i s  t ransmi t ted  over one of  t h e  m 
component channels.  The random v a r i a b l e  S determines which component 
channel i s  used t o  t ransmi t  a given n - b i t  block. b 
111. PERFORMANCE OF THE CONCATENATED CODE 
Let db < i < nb} be t h e  weight d i s  but ion of t h e  ou te r  code, 
where db i s  t h e  minTmumWndistance of  Cb. Let P i i f  (E) be t h e  p r o b a b i l i t y  of 
undetected e r r o r  f o r  t h e  o u t e r  code Cb. I f  t h e  n - b i t  block i s  t ransmi t ted  
over t h e  h- th  component channel Ah of t h e  ou te r  c annel ,  it follows from 
(13) t h a t  
k 
nb n,,-i 
p l jo  ( ~ ~ ( h ) )  = A?) (Eo(h ) ) i (~ -Eo(h) )  . (14) 
i=db 
code. From (12) and (1 
m 
m-h 
h= 1 
where P ( ~ )  ( E ~ )  and pc f )  ( E ~ )  a r e  given by (2)  and (S),  r e spec t ive ly .  
c ud 
Suppose t h a t  t h e  se l ec t ive - repea t  ARQ scheme is  used a s  t h e  retransmis-  
s i o n  s t r a t e g y .  The s p e c i f i c  manner i n  which t h e  r ece ive r  s i g n a l s  t o  t h e  
t r a n s m i t t e r  f o r  a re t ransmiss ion  w i l l  no t  be considered. I t  w i l l  be 
assumed, however, t h a t  t h i s  backward s i g n a l  i s  e r ro r - f r ee ,  and t h a t  repeated 
retransmissionsof a block a r e  poss ib le .  Thus f o r  t h e  concatenated code, l e t  
PUd(&i) ,  Pr(ci), and Pc(ci) denote the  p r o b a b i l i t i e s  of an undetected e r r o r ,  
of a block retransmission,  and of co r rec t  decoding, r e spec t ive ly .  Obviously, 
Then t h e  throughput of  t h e  system i s  [ I ]  
k kb 
n = - * -  
k kb ( ~ - P , C E ~ > )  = - ' - ' 
nb nb 
(PUd(Ci) + Pc(ci)) (17) 
Note t h a t  a t ransmi t ted  block w i l l  be received c o r r e c t l y  i f  and only i f  
a l l  m frames a r e  decoded c o r r e c t l y .  Therefore, t h e  p r o b a b i l i t y  of  accept ing  
a c o r r e c t  block i s  given by 
Because P ( E ~ )  << it follows from (17) and (18) t h a t  
ud 
I t  can e a s i l y  be seen t h a t  r~ increases  monotonically a s  t inc reases ,  but 
t h a t  f o r  small ~ i ,  T-I i s  only a weakly increas ing  funct ion  of  t .  
In  order  t o  s e e  t h e  r e l a t i o n s h i p  between t and P ( E . ) ,  from (15) we 
have ud 1 ( f )  ( f )  m- 1 PUd(~i)  - mopud (Ei) [PC 
1 f o r  E << - . i n (20) 
Using ( 6 ) ,  ( l l ) ,  and ( l 3 ) ,  PUd(ci) can be f u r t h e r  approximated a s  
df d -t f n-d +t 
P ( E . )  z )ci m- 1 ud 1 , 
where 
n b df n,,-i 
= m.A(f)l- 1 d f  l i ( l  - - 
man men 1 1 df i=db 
i s  a constant  which i s  independent of t .  Let Q(t) denote t h e  r i g h t  hand 
s i d e  of  (21), 
Q ( t + l >  , (df - t )  1 e - 1 
Q ( t )  - ( t + l )  E >> n, f o r  E << - . i i n ( 2 2 )  
That i s ,  f o r  ci << l / n ,  when t inc reases  by l , ' P , , d [ ~ i ) ,  t h e  p r o b a b i l i t y  of 
- - 
undetected e r r o r ,  w i l l  i nc rease  by approximately Thus PUd(€i)  i s  a 
s t rong ly  increas ing  funct ion  of t .  For t h i s  reason,  a l a rge  value of  t i s  
not  des i r ab le  i n  such a system. 
I V .  EXAMPLE 
We now consider  a p a r t i c u l a r  scheme proposed f o r  a NASA telecornmand 
system. The frame code Cf i s  a d is tance-4  Hamming code with genera tor  poly- 
nomial 6 7 6 2 g(x) = (x+l)  (x +x+l)  = x + x + x + 1, 
where x6 + x + l  i s  a p r imi t ive  polynomial of degree 6. The n a t u r a l  length of 
t h i s  code i s  63. This code i s  used f o r  s i n g l e  e r r o r  co r rec t ion ,  and i s  a l s o  
used t o  de tec t  a l l  e r r o r  p a t t e r n s  of  double weight and some higher  odd 
weight e r r o r  p a t t e r n s .  The o u t e r  code is  a distance-4 shortened Hamming 
code with generator  polynomial 
4 3 
where xl' + x14 + x13 + x12 + x + x + x2 + x + l  i s  a p r imi t ive  polynomial 
of degree 15. This code i s  t h e  X.25 s tandard  f o r  packet-switched d a t a  ne t -  
works [6] . The n a t u r a l  length of t h i s  code is  215 - 1 = 32,767. In t h i s  
example, a shortened code of  maximum length  3,584 b i t s  i s  considered. This 
code i s  used f o r  e r r o r  de tec t ion  only. 
We assume t h a t  t h e  number of  information bytes  i n  a frame i s  between 3 
and 7, t h a t  i s ,  t h e  inne r  code can a l s o  be shortened. The number of frames 
i n  a block i s  between 4 and 64. 
To ob ta in  a p r e c i s e  r e s u l t  f o r  PUd(Ei), a computer program was w r i t t e n  
t o  he lp  determine t h e  r e l i a b i l i t y  of  t h e  proposed concatenated coding scheme. 
We found t h a t  i f  only one frame conta ins  a weight 4 undetected e r r o r  pa t -  
t e r n ,  then  t h i s  e r r o r  p a t t e r n  can always be de tec ted  by t h e  o u t e r  code, 
Thus (15) can be modified a s  fol lows:  
m m ( f )  m-h 
+ 1 l- (h) IPUd (Ei) I 
h=2 - 
where 
and 
The weight d i s t r i b u t i o n s  of t h e  frame code a r e  l i s t e d  i n  Table 1, Re- 
s u l t s  f o r  PUd(ci) , based on (23) f o r  var ious  values of E ~ ,  a r e  given i n  
Table 2, where we have used t h e  method i n  [7] t o  ob ta in  
1 - P C ( € - ) ,  t h e  p r o b a b i l i t y  of not  decoding c o r r e c t l y ,  and q ,  t h e  system 
throughput,  a r e  given i n  Tables 3 and 4, r e spec t ive ly ,  f o r  E~ = 
Clear ly ,  t h e  proposed system i s  capable o f  achieving high throughput and low 
undetected e r r o r  p r o b a b i l i t y  over a wide range of  system parameters.  
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Figure 3. The outer channel. 
Table 1. The inner code weight distribution. 
n : The inner code length 
I B  : The number of information bytes in the inner code 
- 5 
Table 2 ( B ) .  P (E.), the probability of undetected error, for E ~ = ~ O  . 
ud 1 
m : The number of frames in a block 
I B  : The number of information bytes in a frame. 
- 4 Table 4. n ,  The system throughput, f o r  € . = l o  . 
1 
m : The number of frames &-i a block 
I B  : The number of  information bytes i n  a frame. 
